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SOME FACTO=  AFFECTING-AUTOMATIC CONTROL OF AIRPLANES 

By Charles W. Mathews 

In aeronautics-autopilots are receiving  widespread  attention  because . 

the  human p i l o t  is becoming inadequate 86 a cont ro l le r   for   cer ta in   f l igh t  
operations. As is well-known the airplane-autopilot  combination is a 
closed system, the operation of which depends on the characteristics 
of B o t h  airplane and autopilot. In one w i d e l y  used method of analysis 
of  such  coupled  systems, the dynainics of  the  airplane and the  autopi lot  
are  individually  defined by operational  expresstons known as t ransfer  
functions. Although factors  other  than  automatic  control usually dic ta te  
the  character of  the  airplane  transfer  fhnctions,   these  transfer  func- 
t ions  must be known i n  order to afford  the  autopilot  designer a bas is  
f o r  determining the requirements  of  the  autopilot. 

A t  the  outset  of  this  discussion,  the  determination of airplane 
transfer  functions from  measured responses to control   t ransients   are  
discussed  briefly in order   to  provide a backgroynd f o r  subsequent 
discussion  of  factors  affecting  the  airplane  transfer  functions and 
some iniplications of these fac tors  w i t h  respect to autopilot  design. 
In i t ia l   d i scuss ion  is concerned w f t h  longitudinal  control  while  the 
latter par t  is concerned  with lateral  and directional  control.  
Although it is  recognized that there   are  a number of airplane  t ransfer  
functions  of  importance in  autopilot   design,  for the purpose of i l l u s -  
t r a t ion  of the  longitudinal  case,  the  transfer  function  relating  pitching 
velocity to elevator  deflection is  used. 

Many of the  available methods for  deriving  transfer  functions from 
transient  data i n  no way s t ipu la te   the  type of  control  input to be used. 
Tbansfer  functions  obtained from the  pitching-velocity  response of the 
F9F airplane  to  various  types  of  elevator  inputs throw use of the  
method of Donegan and  Pearson  (reference 1) are presented' i n  f igure 1 
fo r   t he  flight conditions of Mach number 0.6 and  10,000-foot a l t i tude .  
The differences between r e s u l t s   f a r   t h e  various types of  inputs are 
small  throughout  the  range  of  frequencies shown. A frequency  response 
obtained  directly from sinusaldal  control  inputs i s  also  presented.. 
The osc i l la t ions  were induced manually by the pilot, and  although  the 
wave form,was  not  perfect, a f a i r i n g  was adequately defined which agrees 
well  w i t h  the results from the t ransients .  It appears,  therefore,  that 
f o r   t h e  range  of  frequencies  presented, a sine-wave generator i s  not 
needed t o  use the forced-oscillation  technique. The exact  character  of 
the  very low frequency  portion of the transfer  functipn is  usua l l y  not 
established from the flight data unless - the  test  i s  spec i f ica l ly  set up 
t o  examine the phugoid mode. The phugoid mode produces a sharp  peak 
almost a t  zero frequency, and the amplitude then  abruptly decreases to 
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zero a t  zero  frequency. The phugoid  motion i s  important in the regu- - 
latur .type of  autopilot,  but it generally i s  not of any great Importance r 

from the  standpoint .of  commnnd resppnse  chwacteris.tics. . .  . .  " 

Insight as t o  the importance of the  differences between the 
frequency-response curveB obtained from khetransient   inputs  may be 
gained by reference to figure 2 which presents  pnkdicted  airplane 
response.6 in  pitching  velocity t o  the elevator  input shown. These 

presented i n  figure 1. The designations of the corresponding  curves. in 
the two figures are  the same. The differences  in  the t ransient  respon'see ." 

are negligible f o r  practical  purposes. A comparison of several methods 
(references 1 and 2) of determining  traisfer-f~inctions f r o m  t ransient  
f l i g h t  data is  presented.  in figure 3, grid. the   resul ts  ?e shown t o  be 
i n  good agreement. Ekperience has shown tha t  the repe.atabilitx  of a 
given test also is  good. 

" - 

. .  

response s were predicted.  from the ~ $ 0 ~ 3  I trg.glsfer~?~%-t.$pn. ;cu-ves. 1 r  

- . . . . . - ". " " . .. " 7, 

. . -  

. " 

. .. . Having examined the   ab i l i t y  to determine. a. . lQngitudinal  transfer 
function,  the  effects of a l t i t ude  and Mach .ngnber. on this t ransfer  
functioo  are now i l l u s t r a t ed  and discussed. The .effect .of 811 
altLtude change from 10,000 feet .  to..30,000 f e e t  on the. F P  t ransfer  
function i s  shown i n  figure -4. Both the lq- and the  high-frequency 
responses are sharply  reduced a t  the  higher  al t i tude.  The lazger . r a t io  
of peak amplLkude to  the   s t a t i c  value is indi.c$tive. of  r&duced .damping 
while  the lower  frequency a t  the peak reflects :a r e d u c t i k  i n  the . . 
n a t u r a l  frequency of the-airplane.  These e f f .ec t s .qua lp ta t ive~y agree 
with  those  to  be  expected from theoret ical  considerations and are 
discussed i n  relation..-b  automatic  control  subsequent to .the  presenta- 
t ion  of  Mach  number effects .  . "" 
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Mach  number e f fec ts  on the  pitching-velocity  transfer  functions 
a re  shown i n  f igure 5 f o r  the F-86 airplane (reference 3) which was 
chosen because it 8ffords f H & t  data in the  transonic  range. A t  sub- 
sonic  speeds where no large changes in   the  longi tudinal-s tabi l i ty  
derivatives  occur,  the  expected  effect of increase i n  Mach number would 
be simply to stretch the frequency-response  curves in the  direction of 
the  frequency axes ref lect ing an increase in natural  frequency of the alr- 
plane  proportiongl t o   t h e  Mach nvber  increase.  TW expectancy.is borne 
out by the F-86. data i n  that the low fre'uen&.-a.hd &-ak value of N p l i t u e  - ~ - .  _:, 

ratio  are  not  appreciabsy. chmige-d by the  increase in Mach number, while 
the frequencies a t  which the  peakoccurs   and-at  which the phase c y e s  
cross zero gradually increase  result ing i n  improvement in the high- 
frequency  amplitude and .phase regpqnse.. As. ge.-..transoni,c .range is  
entered,  the  general  decrease in scale of amplitude r a t i o  is indid&- . . 

t i v e  of a decrease Fn tihe effect.ivene6s of .the $levator,..while the .rno.re.. 
rapid outward s h i f t  of the  peak  amplitude r a t i o  and phase  curves and 
the &@;e decrease  in  amplitude  ratio a t  low frequencies-is  indicative 
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of a large  increase in the  s ta t ic   s- tabi l i ty   of   the   a i rplane;  a t  the . .  

higher Mach numbers t h e .  corup&tiVely la rge   ra t io  of  peak  amplitude to 
the 1ow-frequency"value and large leading phase angles  denote an 
appreciable loss. i n  damping. . .  

The effect .  o f  the variations i n  transfer  function produced by the 
changes i n  Mach nuniber and altitude just   discussed on the  requirements 
of  a pitch-attitude  autopilot are examined briefly i n  figure 6. The 
measured response  characteristics of.= actual .autopi lot  were used. , 

Pitch rate feedback w a s  incorporated in order to obtain a good command 
response. = .  

The upper time his tory i n  figure 6 shows the response of the  
airplane-autopilot  combination t o  approximately a step command in atti- 
tude a t  a Mach nmber of  0.7 and- an a l t i t ude  of 35,000 feet when the 
various  gains i n  the q s t e m  w e r e  adjusted to provide the  lowest response 
time. With t h i s  adjustment the autopilot  gains were very  high,  producing 
about 20' of elevator  deflection for  1' of a t t i t ude   e r ro r .   I n   t he  
pract ical   s i tuat ion  these gains might very w e l l  be limited by  other 
considerations  such as servo power, loads, saturation,  or the poss ib i l i t y  
of excit ing high-frequency chatter.  Based on the limited considerations 
involved i n  the analysis, however, it was possible to obtain a very 
rapid  response with a good degree of s t ab i l i t y .  The autopilot  gains, 
of  course,  could  be relaxed at the expense o f  the response i f . i t  were - 

established that a poorer  response  could be tolerated.  

The effect of holdlng  the  autdpilot  gain  sett.ings  constant  and 
changing the fli&t condition I s  shown by the time h i s to r i e s  in the  
middle of figure 6. With altitude reduction  the  systembecomes violently 
unstable  while  with the ihcrease  in  Mach  number the degree of s t a b i l i t y  
i s  very low. A s  shown by the time his to r i e s  in the lower p a r t  of f ig -  
ure 6, a response on a par  with  that   for  the  original  condition may be 
obtained  for  the  other  ca6es by gain  adjustments. 

A t  Mach numbers near   o r   s l igh t ly  above unity, it w a s  not possible 
to obtain as gqod a low-frequency response for the airplane-autopilot 
combination by gain  adjustment, and as a resuit, the command response 
was more sluggish. 

Data from ful l -scale  f l i&t tests for  determination o f  t ransfer  
functions are not avai lable   in  the sGersonic-speed range. Such data 
have  been obtained  using  the rocket-model  technique. In order to scale 
up the mass cha , rKter i s t ics .ad   a l te r   the   opera t ing  altitude, however, it 
is necessary f irst  to"reduce the data t o  s tab i l i ty   der iva t ives  and then 
recompute the transfer  function. Such  computations. have been made f o r  ' 

three  different  conf ig-wations  having  widely  differing mass character- 
is t ic ' s .   Resul ts   for  a delta-wing  configuration are presented-   in   f ig-  
ure 7, and r e s u l t s   f o r  an unswept-wing configuration and a swept-wing 
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configuration  are  presented  in figures 8 and 9. Possible -@ifferences 
between the model and full-scale  data due t o  -e las t ic   e f fec ts  were not 
considered. The results  presented i n . f i g u r e  7 f o r  a Mach  number of 
unity and below were computed a t  an a l t i tude  of 40,000 feet, and the 
r e s u l t s   f o r  the supersonic  Mach-nmbers were computed a t  an a l t i tude  
of 60,000 feet. 

w . . .  

.. - 
. . -  

. .  - 

T& a l te ra t ion  of the transfer function  of the *ita-wing con- 
f igurat ion between M = 0.8 and M = 0.9 i s  typ ica l  of the subsonic . 
effects  previously  described f o r  the F-86. The change occurring 
between M = 0.9 and M = 1.0 i s  ind'icative of an appreciable,increase 
i n   s t a t i c   s t a b i l i t y .  In going t o  a Mach  number of 1.2' a t  60,000 feet, 
the a l te ra t ions  i n  the  transfer  function do. not indicate any appreciable 
change in   s tabi l i ty   der ivat ives   but  result primarily f r o m  the a l t i tude  
change. The small differences between the transfer functions  for M = 1.2 
and M = 1.7 are surprising  considering  the  large Mach  number change 
involved. T h i s  result would indicate a general  reduction Tn the values 
of all of the s t a b i l i t y  derivatives between these two Mach numbers. 

Comparison of r e su l t s   fo r  the delta-wing  configuratiun' and the 
other  two configurations shows that   there  are pronounced a f fe rences  in 
the trends of the  transfer  functions  of  the three, and different  hanging 
would-be  required iri each case  such as different  pmgrmming of the 
autopilot  gains. Some important  characteristics of  the t ransfer func-  
t ions,  however, are common to a l l   t h r e e  confYguration6.  These character- ~ 

i s t i c s  are the very poor low-frequency response 'ad. the  very  large peak 
magnification: The most predominant  factcjr  in.producing  these  charac- 
t e r i s t i c s  i s  the basic one of high-.altitude operation, but  generally 
the e f f ec t  of Mach number i n  incr.eaeing the static stability and reducing * 

the control  effectiveness.and m i n g  serves to  increase these trends. 

Turning now t o  the Lateral-transfer  functions of  airplanes, some 
features of these  transfer  functions w i l l  be digcussed i n . r e l a t i o n   t o  
the analysis of airplane-autopilot combinations. First, le? us examine 
the  character of a transfer  Function of the F9F airplane  ( f ig .  LO) 
relating  roll ing  velociby  to  ai leron  deflection.  Neglecting  the sharp 
peak, the  amplikude-ratio and phase-angle variations appear t o  be those 
f o r  a viscous or  f i r s t -order  l a g  which is to be  expected  since  the air- 
plene has no s t a t i c   s t a b i l i t y   i n  rol l .  The presence of the-spike, of 
course, is indicative of the  existence of a l i gh t ly  damped Dutch r o l l  
osci l la t ion,  and t h i s  mode- is present i n  the roll ing  transfer  fundtion 
because  of the  strong  coupling between the  roll ing,  yawing, and side- 
sl ipping motion8 of the airplane. 

. .  

The remarks made previomly relative to. t k -phugo id  motion i n  the 
longitudinal  case  generally apply a lso  to   t he  spiral mode which ex i s t s  
i n  the lateral case. When the   sp i r a l  mde is included, the amplitude 
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response is zero a t  zero  frequency but i n c r e a e s  almost immediately 
t o   t h e  value shown. 

The Fmportance of the Dutch roll mode on the  response i n   r o l l i n g  
velocity to a uni t   s tep   in   a i le ron   def lec t ibn  is  shown i n  figure ll. 
Although the osc i l la t ion  is poorly damped it is not  excited  greatly by 
aileron deflection. 

The foregoing  characteristics of the F9F airplane  suggest the possi- 
b i l i t y  of simplifying  lateral   transfer  functions under some conditions, 
This poss ib i l i ty  may be examined through use of the analytical  expres- 
s ion  for   the- t ransfer   funct ion which relates rolling velocity t o  aileron 
deflection ($ /sa) .  This  expression is' presented-in  figure I2 Fn terms 
of the imaginary  frequency  variable jm. The quadratic  factor h the  
denominator which defines the period and damping of the  Dutch roll. mode 
may be found i n  some instances t o  be almost the same as the quadratic 
fac tor  in  the numerator, and the l inear   factor   represent ing  the  spiral  
mode as  implied previously is important  only a t  very low frequencies. 
I n  view of these  characterist ics on some occasions it may be adequate 
to approximate the  roll ing-velocity  transfer  functions by an equivalent 
single-degree-of-freedom s y s t e m  defined by the e ~ r e s s i o n  1 

K1 Ja, + Do 

Because of the  couplfng which ex is t s  between the ro l l i ng  and 
yawing motions of the  airplane, it i s  necessary to consider the effect on 
the m l l  t ransfer  Function of an automatfc  control  loop  in the yaw 
channel.  Calculations  indicate that systems of the yaw-mer  type 
which apply yawing moments proportional to yawing velocity and systems 
of the regulator  type which apply yawing moments proportional to side- 
sl€p or   l a te ra l   acce le ra t ion  would s t rengthen  the  possibi l i t ies   for  use 
of the approximation  provided the natural  frequency  of the autopilot  is 
high. 

A point worth noting is that it may be advisable t o  eliminate the 
poss ib i l i ty  of  using a simplified form of the  transfer  function in  order 
t o  take  advantage  of  certain  coupling effects. For example, calcula- 
t ions have shown tha t  an automatic  control which effectively  applies a 
yawing moment proportional to rol l ing  veloci ty  hproves the damping of  
the Dutch roll osc i l la t ion  and improves the rolling response to  an 
aileron  deflection. & 

The transfer  function relating yawing veloci ty  to rudder  deflec- 
tion ($/S,) sometimes a f fo rds  a similar   possibi l i ty  f o r  simplification. 
The quadratic  factor in the numerator i n  many instances  agrees  closely 
with a quadratic  factor which defines the   sp i r a l  and ro l l ing  modes (see 
ffg. 12). The constant term of the linear fac tor   in   the  numerator is 
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usually small 60 t ha t  in many cases- the  t ransfer   funct ion may be simpli- 
f i e d   t o  the equivalent  single-degree-of-freedom  system  presented fn 
figure 12. The l inear   fac tor  F n . t h e  r o l l  approximation &,the  quadratic 
fac tor  in the yaw approximation are the actual   factors  of the s t a b i l i t y .  
quartic and as such may contain  coupling  effects..  Beciree of this 
coupling  theseyfactors may differ considerably from those  obtained- by 
simply  considering  the  airplane  to have a single degree 09 freedom in 
either roll o r  yaw. 

- 

The presence uf an automatic  control system i n  the roll channel 
may alter the  -quadratic  representing the e&ivaient,   single degree of . -  

freedom in yaw. Calculations  .have shown that," for a- "plical bu t  hy-po- 
thet ical   a i rplane --rating a t  high  altitude,  the  existence of an 
unstable Dutch r o l l  osciUtion-.whi.& doubled  amplitude in 7 seconds 
was s tabi l ized to t4e extent  of halving amplitude i n  5 seconds by incor- 
poration of a rol l -a t t i tude system with a gearing of 0.2.between ai leron 
deflection and bank-angle error  (reference- 4) . In establishing  the 
coefficients  for  the  .equivalent  single-&see-of-freedom approximation 
i n  yaw, it i s  possible that the r o l l  autopilqt  could  be  considered  per- 
f e c t  and its effect  included in the form of another -stabiiity 
derivative. . .  - -  "." - .  . -. , . 

I n  addition tQ .the lateral   transfer  func-tiogs  , just   discussed, 
there  exf6.t   cross.   transfer  functions.   Possibil i t iee f o r  shpl i f i -ca t ton  
of these  transfer  functiona have not been bk.s&igkted. The .amplie& 
h t i o  of yawing velocity t o  aileron  deflection. is usually small com- 
pared to other   Xteral . t ransfer   funct ions;  however, the anTplitude ratio 
of rolling velocity t o  rudder deflection i s  usually large. In f a c t  fh? 
amplitude in r o l l  of.,the Dutch m u  osc i l la t ion  ..induced by rudder 
deflection ia- normally  greater khan the aznplitude in yaw and i n  some ' 

cases  has been calculated tu be roughly f ive  ,times. a8 large. I n  the 
presence of  tight roll s tab i l iza t ion   the  importance of ro l l ing  du% t o  , 

rudder deflection -should be W i s h e d , .  however.. . .. . 
- .  

Some results. which- &.ford 8 cpmparison between the use of  the com- 
plete  transfer  function-  relating yawing veloci ty   tq  rudder deflection 
and the  simplificatinn previously  discussed .are presented i n  fig- 
ure 13. The .data presented.show  the  effect ~f var.iations in the param- 
e t e r s  which d e f h e  the transfer function of the autopiliit. In the 
example the autapilot  was used 46. a yaw damper and i t s  transfer  function 
was assumed t o  be a quadratic lag. The amlane was hypothetical. 
These results  apply  .for a giveh s t a t i c   s ens i t i v i ty  of the  autopilot .  
The  damping r a t io  and natural frequency of the autopilot E& the o r d h a t e  
and absc-f6sa,  respectively, and the contours &e l i nes  of constant 
damping f o r  the airplane-autopilot.comblnation. The dashed l i n e s a r e  . . 

for   the  complete airplane  transfer  function-while  the.  @iid.&i.nes t x b e ' .  . ' 

f o r  the single-degree-of-freedom ap-groximation. . The U f e r e n c e   b e ~ e e n  
the   resu l t s  i s  negligible. The Value Of . T1i2 of 2.6 €6- the same as- 

. . . - - . . . 

... -. . .-~- - .._... 

. .  - 
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for   the   a i rp lane  alone: the  value of 0.73 is the same as would be 
obtained w i t h  an autopilot  having no lag and a constant  amplitude  ratio 
a t  all frequencies; and t h e . w l u e  of 0.38 is the m a x i m u m  obtainable 
with  the type of autopilot  fnvgstigated. The posit ion of  the point of  
highest damping indica tes  that %here is. no p.articular  reason i n  t h i s  
example to increase  the natural  frequency-of -%he autopilot  much beyond . a value of a b u t  10 radians  per second. 

I n  summ&ry, it appears  that  the  available methods for  obtaining 
a i rp l ane   t r e s fe r - fFc t$onsLf rom measured transients  define  the  trans- 
fer  function  adequately for use i n  autopilot  '&sign. " Fl ight   resu l t s  
using this technique shoy that   effects  of  hi&-alt i tude  operation  are to 
reduce  severely the low-frequency response i n  pitching  velocity and 
increase greatly the  peak  'magnification. These- e f fec ts  i n  general 
appear to  be  aggravated By supersonic  operation  because  of  trends t o w a r d  
increased   s ta t ic   s tab i l i ty ,  lower -ping, and lower  control  effective- 
ness. In addition, the more o r  less inconsistent  trends  in  the trans- 
fer   funct ion  resul t ing from Mkch number effects on the   s tabi l i ty   der iva-  
t ives   a re  fairly large and vary appreciably f p n  configuration t o  
configuration. 

- 

. .  

L 

Examination of  lateral transfer functions  indicates  that  equivalent 
. single-degree-of-freedom  systems may be  used t o  approximate some of 

4 these.  transfer  functions  in  certain  cases,  but  these'approximations  of 
the  transfer  functions  are  not  necessarily  the same as would be  obtained 

o r  roll. The poss ib i l i t y  of using a sinae-d&ree-of-freebrn approxima- 
t ion  for   the  rol l ing  case is .strengthened when a yaw damper and a side- 
s l ip   regula tor  are incorporated i n  the yaw channel. The presence of 
roll stah i l iza t ion  may a f fec t  the equivalent single-degree-ofafreedom 
approximation .in . the yawing case.  Eliminating the possibi l i ty   of  using . 
single-degree-of-freedom  approximations may be  desirable i n  order t o  
take  advantage o f  favorable  cross-coupling  effe.cts_in the design of  
the  autopilot .  

-- in  considering  the.   airplane t o  havF.a single degree of freedom i n  yaw 

Langley Aeronautical  Lagoratory 
National Advisory Committee f o r  Aeronautics 

Langley Field, Va. 
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Figure 1.- Effect of type  of elevator input on pitching- 
velocity  transfer  function. af F . 9  airplane. 
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Figure 2.- Time h i s tg r i e s  of pitching-velocity  response of 
the F9F airplane to  elevator h p u t  shown as obtained from 
transfer functions presented in figure I, 
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Figure 3;- Comparfson of methods of obtaining a- longi tudina l  
t ransfer  function f r o m  'transient f l i g h t  data: 
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Figure 4.- Effect of a l t i t u d e o n  pitching-velocity transfer 
function of F P  airplane.  . .. ". - .  
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Figure 5.- Effect  of Mach number on pitching-velocity  trans- 
fer function of  F-86 airplane. 
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Figure 6.- Effects af a l t i t u e  and Mach number on the 
indicia1  response of a swept-wing airplane - autopilot  
combination. 
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Figure 8. - Effect d Mach number on pitching-velocity trans- 
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Figure  g..-.Effect o f  Mach number on pitching-velocity trans- 
fer  function of a supersonic-airplane  configuration 
having a swept wing. 
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Figure 10. - Tresfer   func t ion  of F9F airplane  relating 

ml l ing   ve loc i ty  to aileron  deflection. 
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Figure ll.- Time history of rolling-velocity  response of  
F9F airplane t0.a un i t  step i n  aileron deflection. 

Figure 12.- Analytical expressions f o r  two lateral t ransfer  
functions and approximate. expressions.   pplicable under 
limited  conditions. 
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Figure 13 .- The relat ion of  the  damping_.and natural  frequency 
of a yaw-damper type of  autopilot t o .  the time to damp to 
one-half amplitude of an airplane-autopilot combination. 
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